Lecture #12 


Binary Tree Traversals 
Evaluate Expressions Using 


Binary Search Trees 

Binary Search Tree Operations 

— Searching for an item 

- Inserting a new item 

— Finding the minimum and maximum items 
— Printing out the items in order 

— Deleting the whole tree 


Binary Trees, Cont. 


If a binary tree wore pants would he 
wear them 


like this like this? 


binary Iree Iraversais 


Ok, we just saw the pre-order traversal in action! 


To avoid boredom, we'll skip a detailed trace- 
through of in-order and post-order traversals. 


But... you probably want to understand how 
the ordering differs between the three 
approaches. 


So here's a little trick to 
help you do just that! 


* An Easy Way to Remember the Order of 
Pre/In/Post Traversals 


(F) Starting just above-left of the root 
node, draw a loop counter- 
Q, clockwise around all of the nodes. 


o 
S Ok, got that? 
S © — 


Pre-order Traversal: Dot on the LEFT 


To determine the order of 
nodes visited in a pre-order 
traversal... 


Draw a dot next to each node 
as you pass by its left side. 


The order you draw the dots is 
the order of the pre-order 
Pre-order: traversal! 


FBADCEGIH 


void preorder(Node 
{ 
if (p == nullptr) 
return; 
cout << p->value; 


preorder(p-»left); 
preorder (p- 


Lid am AO hore) ub LS 


" A |n-order Traversal: Dot UNDER the 
node 


To determine the order of 
nodes visited in a in-order 
traversal... 


Draw a dot next to each node 
as you pass by its under-side. 


The order you draw the dots is 
the order of the in-order 


In-order: traversal! 
ABCDEFGHI 


void inorder(Node 


if (p == nullptr) 
return; 
inorder(p-»Lleft); 
cout «« p-»value; 
inorderí(íp- 


Post-order Traversal: Dot on the RIGHT 


To determine the order of nodes 
visited in a post-order 
traversal... 


Draw a dot next to each node 
" as you pass by its right side. 
Ga ta Ges | 
The order you draw the dots is 
the order of the post-order 


Post-order: traversal! 
ACEDBHIGF 


void postorder(Node 


if (p == nullptr) 
return; 
postorder(p- 
-left); 
postorder(p- 


Binary Tree Traversals 


Ok, now we know how the recursive tree-traversals work. 


Now let's see the level-order traversal. 


The level-order traversal doesn't use recursion! 


Instead it uses a queue, and processes the nodes of 
our tree much like we did with our maze search! 


(in breadth-first order) 


Pre-order In-order Post-order Level-order 


Traversal Traversal Traversal Traversal 


These traversals all use recursion, and are L.O.T. uses a 


nearly identical algorithms. breadth-first-search 
to visit nodes. 


The Level Order Traversal 


In a /evel order traversal we start at the root and visit each 
level's nodes, from left to right, before visiting nodes in the next 
level. 


Here's the algorithm: 


— 1. Use a temp pointer variable 
and a queue of node pointers. 
—>2. Insert the root node pointer 
into the queue. 
—>3. While the queue is not empty: 
—»*A. Dequeue the top node 
pointer and put it in temp. 
=B. Process the node. 
—C. Add the node's children to 
queue if they are not 
nullptr. 


280860960 


abcd Etc... front rear 


Level-order Traversal: Level-by-level 


To determine the order of nodes 
visited in a level-order 
traversal... 


Start at the top node and draw 
a horizontal line left-to-right 
through all nodes on that row. 


Repeat for all remaining rows. 


Level-order: 
FBGADICEH The order you draw the lines is 
the order of the level-order 
traversal! 


Big-O of Traversals? 


Question: What are the big-ohs of each of our 
traversals? 


Each of our traversals performs three operations per 
node: 
They process the value in the current node. 


They initiate processing of its left subtree. 
They initiate processing of its right subtree. 


So for a tree with n nodes, 
that’s 3*n operations, or... 
Mo “nraracc” tha 


We initiate orocessin 
We initiate processing 


of the node’s right 
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Traversal Challenge 


RULES 


The class will split into 
left and right teams 
One student from each 
team will come up to 
the board 
Each student can either 
— write one new item 
or 
— fix a single error in 
their teammates 
solution 
Then the next two 
people come up, etc. 
The team that 
completes their program 


Challenge: What order will the 
following nodes be printed out 
If we use an in-order traversal? 


4 
Lamy root 


‘Dann "Jack" 
NULIÍNULI 


44 


Ronda" 


"m ^ 


Traversal Use Case: Expression Evaluation 


As we learned earlier, one (5-6 *3- ]) 
use for trees is representing Rm 
arithmetic expressions. 


Ok, so let's say we've 
stored our expression in a 
tree... 

How can we evaluate the 
tree to get the answer? 


Using a traversal, of course! 
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Expression Evaluation 


Here's our evaluation function. We start by passing in a 
pointer to the root of the tree. 


. If the S node is a 
numbef, return its value. 


. Recursively evaluate the left 
subtree and get the result. 


. Recursively evaluate the 
right subtree and get the 
result. 


4. Apply the operator in the 
current node to the left and 
right results; return result. 


Expression Evaluation 


Here's our evaluation function. We start by passing in a 


4. 


mit the a node is a 6+6*6-) i 


pointer to the root of the tree. 


LZA »- X 


numbef, return its value. 


. Recursively evaluate the left 


subtree and get the result. 


. Recursively evaluate the 


right subtree and get the 
result. 


Apply the operator in the 
current node to the left and 
right results; return result. 


| IIUJlIIU FOSUILS, TCCCUITI POSUTIL, | 
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Expression Evaluation 


Here's our evaluation function. We start by passing in a 
pointer to the root of the tree. 


ie ^ k V Sd de 
. If the current node is a (5--6)*(3- I) 


number, return its value. 


Result = 


Result 
result. 


. Apply the operator in the 
current nodé to the left and 
right results; return result. 
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Expression Evaluation 


Here's our evaluation function. We start by passing in a 
pointer to the root of the tree. 


"LE k M RA 
. If the current node is a (5--6)*(3- I) 


number, return its value. 


Result 


Result 
result. 


. Apply the operator in the 
current nodé to the left and 
right results; return result. 
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Expression Evaluation 


Here's our evaluation function. We start by passing in a 
pointer to the root of the tree. 


The result is 22. 


6+0*8-D) — 


. If the current node is a 
number, return its value. 


Result = 11 


Result = 2 
result. 


. Apply the operator in the 
current node to the left and B1¥2=22 
right results; return result. 


Expression Evaluation 


Question: 
Which other algorithm does this remind you of? 


Answer: 
A post-order traversal! 


If the current node is a int eval(Node *p) { 


number, return its value. if (p->type == VALUE) 
return p-»value; 


Recursively evaluate the lef 
subtree and get the result. int left = eval(p- 


. Recursively evaluate the eft); 
right subtree and get the us E RCT 


result. return apply(p- 


. Apply the operator in the >operator, 
current node to the left and | Left, 
right results; return result. right); 


Binary Search Trees 


YOUR CAT IS SO.FAT 


Binary Search Trees 
What's the big nu 


A binary search tree enables fast (log,N) 
searches by ordering its data in a special 


For every node j in tNeXree, all children to 
|'s left must be less than it, and all 
children to j's right must be greater than 


To see if a value V is in the tree: 

1. Start at the root node 

2. Compare V against the node, moving 
down left or right if V is less or 


greater 
23 Dannnt PEE And \J ar hit nan UA | 


Binary Search Trees 


BST Definition: A Binary Search Tree is a binary 
tree with the following property: 


For every node X in the tree: 
* All nodes in X's left sub- 
tree must be less than X. 
* All nodes in X's right sub- 
tree must be greater than 
X. 


"Fran" 


"Larry" 


root 


Let's validate that thi 
is a valid BST... 


"Danny" 


Binary Search Trees 


Question: Which of the following are valid BSTs? 


Dann "Nick" 
NULIÍNULU 


“Larry” ' 
onm 
"Fran" i 
“Fran” (Ronda 


Operations on a Binary Search 


Tree 
Here’s what we can do to a BST: 


* Determine if the binary search tree is empty 
* Search the binary search tree for a value 

* Insert an item in the binary search tree 

* Delete an Item from the binary search tree 

* Find the height of the binary search tree 


* Find the number of nodes and leaves in the 
binary search tree 


* Traverse the binary search tree 


* Free the memory used by the binary search 
tree 


Searching a BST 


Input: A value V to search for 
Output: TRUE if found, FALSE otherwise 


—»Start at the root of the tree 
— Keep going until we hit the NULL pointer 


— If V is equal to current node's valueWNthen found! 
— If V is less than current node's value, dg left 
— If V is greater than current node's value, go right 


If we hit a NULL pointer, not found. 


Gay EET? 


Let's search for 
Gary. Nutt 


Searching a BST 


Start at the root of the tree 
Keep going until we hit the NULL pointer 


If V is equal to current node's value, then found! 
If V is less than current node's value, go left 
If V is greater than current node's value, go right 


If we hit a NULL pointer, not found. 


“Larry” 
Show how to search for: "Fran" “Ronda” 
1. Khang 7" 
2. Dale 
3. Randy "Barry" "Khang" 


"Dale! 


Searching a BST 


Here are two different BST search algorithms in C+ 
+, one iterative and one recursive: 


bool Search(int v, Node *root) 


} 


Node *ptr = root; 
while (ptr != nullptr) 
{ 
if (v == ptr->value) 
return true; 
else if (v < ptr->value) 
ptr = ptr->left; 
else 
ptr = ptr->right; 
} 


return false; // nope 


bool Search(int v, Node *root) 


if (root == nullptr) 
return false; // nope 
else if (v == root->value) 
return true; // found!!! 
else if (v < root->value) 
return Search(V,root->Left) ; 
else 
return Search(V, root- 
>right) ; 
} 


Let’s trace through the recursive version... 


Recursive BST Search 


Lets search for 14. 


14 x4 14?? 


— bool Search(int V, Node *ptr) 

—JPÀ|1 

==> if (ptr == nullptr) 

——- return false; // nope true 

— else if (V == ptr->value) 7 

~= — return true; // found!!! ptr-—» 14 

else if (V « ptr->value) "mE 
return Search(V,ptr-»left); 

else 


NI void main(void) 
return Search(V,ptr-»right); 


i 
— bool bFnd; 
— return Search(V,ptr-»right); | -> bFnd = Search(14,pRoot); 
} } 


Recursive BST Search 


Lets search for 14. 


bool Search(int V, Node *ptr) 
i 


if (ptr nullptr) 
return false; // nope 
else if (V == ptr-»-value) 
return true; // found!!! 
else if (V « ptr->value) 
—> return true 
else 
return Search(V,ptr-»right); 


); 


return Search(V,ptr-»right); 


LL 
ptr-> 17 
true PN 
14 19 
NuLiNUL UM Nu ULL 
void main(void) 
bool bFnd; 
-——>bFnd = Search(14,pRoot); 
} 


Recursive BST Search 


Lets search for 14. 


bool Search(int V, Node *ptr) 
{ 
if (ptr == nullptr) 
return false; // nope 
else if (V == ptr-»-value) 
return true; // found!!! 
else if (V « ptr->value) 
return Search(V,ptr-»left); 
else 


— return true 


} 


pRoot [true 
ptr-> 
ee 
7 T7 
77 a 
true 
3 14 19 
NULINULI mmm (mmm 
int main(void) 
bool bFnd; 
——b»bFnd = true , 
) 


Big Oh of BST Search 


Question: 
In the average BST with N % elim! 
50% m sti 5096 eliminated! 
values, how many steps are dna 
required to find our value? d! ~ 
50% 
Right! log,(N) steps J eliminate 
50% \ d! 
Question: eliminate of 
l d! 
In the worst case BST with - 
N values, how many steps are AD 
required find our value? Owe 
Right! N steps OL. 
(æ) - 
Question: 
If there are 4 billion nodes in a BST, how 
many steps will it take to perform a WOW! 


l 
Jdst 35: Now that's PIMP! 


“Inserting A New Value Into A BST 


To insert a new node in our BST, we must place 
the new node so that the resulting tree is still a 


valid BST! 
Where would the following “Larry” 
new values go? 
Carly 
Kory 
Sally 
"Dale" "Kory" 
fl 
‘Carly 


“Inserting A New Value Into A BST 


Input: A value V to insert 


If the tree is empty 
Allocate a new node and put V into it 
Point the root pointer to our new node. DONE! 


Start at the root of the tree 
While we’re not done... 


lf V is equal to current node’s value, DONE! (nothing to 


tf V is less than current node's value 
If there is a left child, then go left 
ELSE allocate a new node and put V into it, and 
set current node's left pointer to new node. DONE! 


If V is greater than current node's value 
If there is a right child, then go right 
ELSE allocate a new node and put V into it, 
set current node's right pointer to new node. DONE! 
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void insert(const std::string &value) 


{ 


if (m root == nullptr) 


( m root = new Node(value); 


" de | 
OMS Doo If our tree is" 


Node *cur = m root; 
for (;;) 


{ 


if (value == cur->value) 


return; 


ItO 


if (value < cur->value) 


1 


if (cur->left != nullptr) 
cur = cur->left; 


/ 


else 
1 


cur->left = new Node(value); 


return; 
} 


4 


else if (value > cur->value) 
{ 
if (cur->right != nullptr) 
cur = cur->right; 
else 
{ 


cur->right = new Node(value); 


return; 
} 
} 


e 
E 


} 


} 


DV arena 


Be 7 If eCiirc wala ic 
f the value 

mw If there is F 

Tr Otherwise B 


iaa V if the value Pa 


ev xt: 


x 
"| 


a 


we've found 
the proper 


crnat far niir 


want to insert Is 
greater than 
the current 
node’s value, 
then 


traverse/insert 
to the right. — 


-33$ void insert(const std::string &value) 


{ 
= if (m root == nullptr) b" 


—1* m root = new Node(value); return; } 
Node *cur = m root; 
for (;;) 
1 
if (value == cur->value) return; 


if (value < cur->value) 
{ 
if (cur->left != nullptr) 
cur = cur->left; 


else 

{ 
cur->left = new Node(value); 
return; 

} 


} 
else if (value > cur->value) 
{ 
if (cur->right != nullptr) 
cur = cur->right; 
else 
{ 
cur->right = new Node(value); 
return; 
} 
} 


} 
} 


void main(void) 
{ 
— BinarySearchTree bst; 


—» bst.insert("Larry"); 


—» ss 
bst.insert(“Phil”) ; 


} 


-36$ void insert(const std::string &value) 
{ 


——> if (m root == nullptr) m root 
{ m_root = new Node(value); return; } i 
—C1 Node *cur 
— for (;;) Phil = = Larry?? | 
{ 7 
— if (value= a 


——b if (value < cuf- 
{ 
— if (cur->left != nullptr) 
cur = cur-- left; 


—— else 


{ 
——bh cur->left = new Node(value); 


— return: Phil > Larry?? 


} 
ge if (value > cur->value) 


SE if (cur->right != nullptr) 
— cur = cur->right; 
else 
i 


return; 
} 


cur->right = new Node(value); 


“Fran” “Ronda” 


void main(void) 


{ 
BinarySearchTree bst; 
bst.insert(“Larry”); 


— bst. insert(“Phil”); 
—»} 


Inserting A New Value Into A BST 


As with BST Search, there is a recursive version 
of the Insertion algorithm too. Be familiar with it! 


Question: 
Given a random array of numbers if you insert 
them one at a time into a BST, what will the BST 
look like? 


Question: 
Given a ordered array of numbers if you insert 
them one at a time into a BST, what will the BST 
look like? 


Big Oh of BST Insertion 


So, what's the big-oh of BST Insertion? 
Right! It's also O(log,n) 
Why? Because we have to first use a binary search to 
find where to insert our node and binary search is 
O(log;n). 


Once we've found the right spot, we can insert our 
new node in O(1) time. 


Groovy Baby! 
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MNNOO MIN & MaX UI d 


How do we find the minimum and maximum values in a 


[a 
Bed minimum value is located at the left-most node. 
The maximum value is located at the right-most 


node. 


lt ores] 


Larru! 


int GetMin(Node *pRoot) 
{ 


if (pRoot 


nullptr) 
return -1; 


// empty 


while (pRoot->Left != nullptr) 
pRoot = pRoot-»Lleft; 


return pRoot-»value; 


} 


} 


|j int GetMax(Node *pRoot) 
| 1 


if (pRoot == nullptr) 
return -1; // empty 


while (pRoot->right != nullptr) 
pRoot = pRoot->right; 


return pRoot-»value; 


Question: 


"Phil" 
| NULINULI 


Answer: 


What's the big-oh to find the Right! O(!og,(n)) - we just 


minimum or maximum 


go to the bottom of the 


^  Finnaing Min & Max OT a 
BST 


And here are recursive versions for you... 


int GetMin(Node *pRoot) 


i 
if (pRoot == nullptr) 
return -1; // empty 


if (pRoot->left == nullptr) 
return pRoot-»value; 


return GetMin(pRoot-»left); 
} 


int GetMax(Node *pRoot) 


{ 
if (pRoot == nullptr) 
return -1; // empty 


if (pRoot->right == nullptr) 
return pRoot-»value; 


return GetMax(pRoot-»right); 
} 


Hopefully you’re getting the idea that most tree 
functions can be done recursively... 


Printing a BST In Alphabetical Order 


Can anyone guess what 
algorithm we use to print out 
a BST in alphabetical order? 


4 
ane? root 


“dann yr “wen” 
Yup! The “in order” 
traversal! 
" bill" "frank" 
NULINULI NULINULL 
void InOrder(Node *cur) 
{ 
if (cur == nullptr) // if empty, return... Output: 
return; bill 
InOrder(cur->left); // Process nodes in left sub-tree. danny 
cout << cur->value; X // Process the current node. frank 
InOrder(cur->right); // Process nodes in right sub-tree. Jane 
} wen 


Freeing The Whole Tree 


When we are done with our BST, we have to free 
every node in the tree, one at a time. 


Question: Can anyone think of an algorithm for this? 


Hint: It’s another traversal! 


void FreeTree(Node *cur) 
{ 
if (cur == nullptr) // if empty, return... 
return; 
FreeTree(cur->left); // Delete nodes in left sub-tree. 
FreeTree (cur->right); // Delete nodes in right sub-tree. 
delete cur; // Free the current node 
} 


Freeing The Whole Tree 


cur = NULL 


Freeing The Whole Tree 


Freeing The Whole Tree 


Freeing The Whole Tree 


void FreeTree(Node *cur) 


{ 


} 


vct 


if (cur == nullptr) 
return; 


FreeTree(cur-»left); 
m> FreeTree (cur-- right); 


-——--delete cur; 
} 


Big-oh Alert! 


So what’s the big-Oh of freeing 


all the items in the tree? 


It’s still O(n) since we have 
to visit all n items. 


